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Abstract
We observe that a lobster with diameter at least
five has a unique path H = XoXi . .. Xm with the
property that besides the adjacencies in H both xo and
Xm are adjacent to the centers of at least one Kigs,
where s > 0, and each x;, 1 <i <
m—1, is at most adjacent to the centers of some
Kis, where s > 0. This unique path H is called the
central path of the lobster. We call K15 an
even branch if s is nonzero even, an odd branch if s is
odd, and a pendant branch if s = 0. In this paper we
give graceful labelings to some new classes of lobsters
with diameter at least five, in which the degree of each
vertex Xi, 0 <i <m-1, on the central path is even and
the degree of
the vertex xm may be odd or even. The lobsters appear
in [5] also possess this property. However, in the lobsters
of [5], at most the vertex Xo is attached to a combination
of all three types of branches, whereas in this paper, we
give graceful labelings to the lobsters in which not only
the vertex Xo but also some (or all) xj, 1 <i <m,
may exhibit this property.
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1 Introduction

Definition 1.1. A graceful labeling of a tree
T with g edges is a bijection f : V(T) —
{0,1,2,...,9} such that {|f(u) — f(v)| :
{u,v}isanedgeof T} = {1,2,...,9}. A tree which
has a graceful labeling is called a grace-
ful tree.

Definition 1.2. A lobster is a tree having a path
from which every vertex has distance at most two. It
is easy to check that a lobster L of diameter at
least five has a unique path H = Xo, X1, ..., Xm
such that besides the ad-

jacencies in H, each x;, 1 <i <m-—1, is

at most adjacent to the centers of some stars Kis, s>
0, whereas the vertices xo and xm are adjacent to the
center of at least one star Ky s with s> 1. This path H
is called the central path of the lobster L. Throughout
the paper we use H to denote the central path of a
lobster with diameter at least five. For x;i € V (H), if
Xi

is adjacent to the center of Kis, s >0, then we

call K15 an even branch if s is nonzero even, an

odd branch if s is odd, and a pendant branch if s =
0. Furthermore, whenever we say Xx;, for some 0 <i <
m, is attached to an even number of branches we mean
a “non zero” even number of branches unless otherwise
stated.
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In 1979, Bermond [1] conjectured that all lobsters are
graceful. This conjecture is a special case of the famous and
unsolved “the graceful tree conjecture” of Ringel and
Kotzig (1964) [8], which states that all trees are graceful.
Bermond’s conjecture is also open and very few classes of
lobsters are known to be graceful. Ng [7], Wang et al.
[9], Chen et al. [2], Morgan [6] (see [3]), and Mishra and
Panigrahi
[5] have given graceful labeling to some classes of lobsters.
With the lobsters in [9], the lobsters in
[5] and those appear in this paper share a common feature that
the degree of each x;, 0 <i <m-—1, is even. However, in the
lobsters of this paper and those appear in [5], the degree of
Xm may be odd or even

and the branches incident on each Xi, 0 <i <m, need not
be of the same type. The branches incident

on Xo may be of same type, or any two types, or all
three types. In the lobsters of [5], the branches incident on
Xi, 1 <i <m, may be of the same type (odd or even), or
any two types in which each type is odd in number, whereas
in the lobsters of this paper, the branches incident on x;, 1 <i
<m, may be of the same type (odd or even), any two
types, or all three types. In gross the lobsters to which we
give graceful labelings in this paper have one of the following
features.

(I) For some t;, 1 <t; <m, each X, 0 <i <t, is

attached to a combination of odd and pendant branches.
If t; < m then we have either (1) or

).

(1) Forsomety, t1+1<t,<m,each xi, i +1<i<t,is
attached to a combination of all three types of branches.
If t, < m then we have either

(@) or (b).

(a) Forsome ts, tp+ 1 <tz <m, each x;, 2+ 1<i<ts,
is attached to a combination of two types of branches
and each of the rest of the x; s (if any) is attached to
the odd (or even) branches.

(b)

Each xj, to + 1 <i <m, is attached to odd (or even)
branches.

(2) Forsomety, t1+ 1<t <m,each xi, i +1<i<ty,is
attached to a combination of two types of branches. If
t, < m then for some t3, t+1<t; <m, each x;, t, +
1 <i <ts, is attached to a combination of two types of
branches and each of the rest of the x; s (if any) is
attached
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to odd (or even) branches.

(I xo is attached to a combination of all three types of
branches (respectively, odd and even branches or even
and pendant branches) and sat- isfy the condition (1)
(respectively, (2)) in (1) by setting t1 = 0.

In this paper, as in [5], for a given lobster L we first
form a diameter four tree T (L) by identifying all the
vertices on the central path of L and give a graceful
labeling to T (L) by using the technique of [4]. Let A be
the set of all the branches incident on the center of T (L) .
In [5], the authors applied com- ponent moving
transformation on A to get a grace- ful labeling of L ,
whereas here we partition A in an appropriate manner
before applying component moving transformation on it.

In order to prove the results of this paper we need some
definitions, terminologies and existing results which are
described in this section.

Lemma 1.3. [9], [4] If f is a graceful labeling of a tree T
with n edges then the inverse transformation of f , defined
as fo(v) = n—f (v), forall veV (T), isalso a graceful
labeling of T .

Definition 1.4. For an edge e = {u,Vv} of a tree T,
we define u(T ) as that connected component of T — e
which contains the vertex u . Here we say u(T ) is a
component incident on the vertex v. If a and b are
vertices of atree T, u(T ) is a com- ponent incident on a,
and b /eu(T), then deleting

the edge {a,u} from T and making b and u adja-

cent is called the component moving transformation.

Here we say the component u(T) has been moved from a
to b. Throughout the paper we write “the component u”
instead of writing “the component u(T ) ”; whenever, we
wish to refer to u as a vertex, we write “the vertex u”. By
the label of the com- ponent “ u(T) > we mean the label of
the vertex u. Moreover, we shall not distinguish between a
vertex and its label.

Lemma 1.5. [4] Let f be a graceful labeling of atree T;
let a and b be two vertices of T ; and let u(T) and w(T)
be two components incident on a, where b /e u(T) Uv(T).
Then the following hold:
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(i iff Q) +f () = f(@ + f(b) then the tree T *
obtained from T by moving the components u(T ) and v(T
) from a to b is also graceful.

(ii) if 2f (u) = f (a) + f (b) then the tree T ** ob- tained
from T by moving the component u(T) from a to b is also
graceful.

Lemma 1.6. [4] Let T be a diameter four tree with g
edges. If ag is the center vertex and the degree of ag is 2k
+ 1 then there exists a graceful labeling f of T such that

(a) f(ag) = 0 and the labelings of the neighbours of ag
are 1,2,...,kq,q9-1,...,9—

(b) if ni, n2, and n; are the number of odd, even, and
pendant branches incident on ao , then from the sequence S
= (9,1,0912,092,3,...,9k+1,k g k) of vertex labels,
n, terms from the beginning are the labels of the centers
of the odd branches, the

next n, terms are the labels of the centers of the
even branches, and the rest n3 terms are the labels of the
centers of the pendant branches.

(c) forany i = 1,2, 3, the n; labels of S which are the
labels of the centers of the same type of branches may be
assigned in any order. However, different arrangements of
branches of the same type may give different graceful
labelings of the same diameter four tree without disturbing
(a) and (b).

Remark 1.7. In the graceful labeling f of the di- ameter
four tree T in Lemma 1.6, the labelings of the pendant
vertices adjacent to the centers of the odd and even
branches can be given by using the technique of [4].

Lemma 1.8. [5] Let S = (ty, to, ..., tp) bea

finite sequence of natural numbers in which the sums of

consecutive terms are alternately |+

1 and I, beginning (and ending) with the sum |+ 1.

Then the sums of consecutive terms in the sequence S;
(pr+1(tok+2), @re1(tok+3), - . ., @a(tep-261—1)) , Where

on(X) = n—x, 0 <Kk, ki <

p—2,and 0<k+k, <p-—2, are alternately |+2

and I+1, beginning (and ending) with |+ 2.
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2

Results

Construction 2.1. Let T be a graceful tree with g
edges. Let ap be a non pendant vertex of T with degree 2k
+ 1 such that there exists a graceful label- ing f of T in
which ap gets the label 0 and the labels of the neighbours
of ag are 1,2,...,k,q,9—-1,9—-2,...,9—k (see Figure

1). Consider the se-

quenceS = (q,1,9-1,2,...,k q—k) of vertices adjacent

to ap (recall that we do not distinguish

between a vertex and its label). For any integer n,n>?2
, if possible, we partition this sequence into n parts A1, Az, .

, An (see Figure 1), where A1 = (q,1,q— , I,

_I’l) and j = (rj71_+
1,q—l’j1 Lrii+2,q-r1-2,...,1,g-r),2<j<
nand0<r1<r2<...<r=k.

A1

/Q”

Figure 1: The tree T with vertex ao and its neighbours.
The circles around the neighbouring ver- tices of ap represent
the respective components in- cident on them.

We construct a tree Ti (see Figure 2) from T by
43
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identifying the vertex yo of a path H = yo,y1,...,
with ap and distributing the com- ponents

ym ]
(incident on the vertex ap) in Aj, ] =1,2,...,n,
toyi, i = 1,2,...,sj, where 0 <s; <m, in the

ISSN: 2456-219X
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following manner.
(1) For 0<i <s; we keep 21® components of

Az at yi, where 1®.> 0. In particular, we retain
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2pi+1, 0<pi, 2pi +1 < 1@, components whose la- bels
1 .
appear consecutively from the beginning of A® |

2.
and 21 —2p;—1 components whose labels appear consecutively from\\tlaig

end of A®  where A@ = A, 5 2

and for 1<i <s;, A® is,obtained from A% by
deleting the component which are kept at yi-; .
(2) The components of Aj, 1 <j <n, j £ 2, are

distributed to the vertices y1,¥2.....ccceeven... VYsj in the
following way:
(i) At yo we retain 2I(1)0+ 1, 1@ 0 > 0 (respec-

tively, ZI%), I(j)oz 1, 3<j<n), components of A;

(respectively, Aj). Among these components 21V

(respectively, 219 — 1 ) components get labels con-
secutively from th® beginning of A; (respectively, A;) and
the remaining component gets the last label of A;
(respectively, A; ). If sj = 0 then we delete these terms
from A; which are kept at yo and name

the remaining sequence as A® . ;

(i) For 1 <j <n, jE2if sj >0, we move
> 1, components from to y , where

.Sj)

- i
1<i<s;j. In particular, we move 219 —1 com- ponents
whose labels appear consecutively from the !

beginning of A(i)jand one component whose label
is the last term of A® , where, for i > 1, A® s

obtained from AGD ] by deleting the componené

J
which are moved to i .
For
i = 1,2,...,n, the numbers Ij , 1 =0,
1,2,...,5, are chosen in such a way that
Ssij 1D=1r —r ,wherer =0. 2
i=0 J 1 0

In the following theorem, for a graceful tree R

with n edges and a graceful labeling g we use
the notation “g(R)” to denote the tree R with

the graceful labeling g. Also, for any sequence F =
(a1, az,...,a), gn(F) Iis the sequence (n—ai, n—ay,..
L, N—a).

Theorem 2.2. The tree Ty in Construction 2.1 is graceful.
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AR

@g}g e

Figure 2: The tree T, obtained from T . Here we take
S1= S = ... = S=m.

Proof: We identify the vertices ap € V(T ) and yo € V
(H) and give the label g+ 1 to y; . Clearl){ the subtree

T U {Yo, y1} admits a graceful labeling f® , where f
M(x)"= "f(x) if x € V(T), and
fOy) = q+1. 1,2,...,n,

Since A®, j =

J
can be partitioned into pairs of labels whose sum is q + 1
(consecutive terms), by Lemma 1.5(i) the tree T
obtained by moving the components in A®, 1 <j <n

H9ts W n® grabdruiOlaberdty (D

1
1.3, fq+1 is a graceful labeling of T

f i By Lemma
and the label
of y1 in f(é)J,ET @) is 0. Next we give the label

g+ 2 to y,. Obviously f® is a graceful labeling of T
@D ufy,y H where f@(x) = f® (x) iquz(le
V(T®), and f@(y,) = q+2. We observe that the

sums of consecutive terms in A® j = 1,2,...,n,
R by | R R
are alternately g +1 and q, beginning and ending with the
sum q+1; so by Lemma 1.8 the sums of
consecutive terms in f® &Af:)e fre alternately q+2

and g+1, beginning and ending with the sum gq+2.

Therefore, f (1)+1(A(2.)) can be partitioned into pairs of
labels whose sum is g + 2. By Lemma 1.5(i), the tree T
obtained by moving the components in f® (A®), 1 <j <n
, 1o y2, is graceful.

atet $* = max{si, Sz, ...Sn}. On repeating the
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ab@&g procedure for s* times we get the graceful tree
T with vertex set V (T) U{y1,...,YsS } in which

the vertex yss gets the label g+ s*. If s* = m, then
we stop otherwise, we proceed as follows.

We apply inverse transformation to the graceful tree T

%) so that the vertex y gets the la3el 0. Then we make
the vertex ysS+1 adjacent to ysS and give the label
g+s’+1 to ysS+1 . If s*+1 = m then we stop otherwise,
we repeat this procedure until the vertex ym gets a label. The
graceful tree that is obtained on the vertex set V(T)uV (H
) is easily seen to be the tree T; . 2

Given a lobster L of the type to which we give a graceful
labeling in this paper, we construct a di- ameter four tree,
say T (L), from L by successively identifying the vertices
Xi, 1=1,2,...,m, with Xo. The vertex Xo is the center
of T (L) and its degree is odd, say 2k + 1. By Lemma
1.6, T (L) has a graceful labeling in which Xo gets the
label 0 and the neighbours of xo get labels in the sequence
S of Construction 2.1. However, we note that the manner in
which we partition the sequence S and the order in which
the centers of the branches incident on Xo in T (L) get
labels from the sequence S plays an im- portant role. To get
back L and a graceful labeling of it we have to follow an
appropriate partition and ordering, which will be clear from
the proof of The- orem 2.3. Next we apply Theorem 2.2 to
T (L) and to the central path H = Xo, X1, ,Xm, SO as
to get

a graceful labeling of L . We get graceful labelings of
lobsters that appear in Theorem 2.3 by taking n = 2 in
Construction 2.1.

Theorem 2.3. The lobsters in Tables 3.1, 3.2 and
3.3 below are graceful.

Descriptions of Tables: In the column headings, the triple
(%, y, z) represents the number of odd, even, and pendant
branches, respectively, where e means any even number of
branches (nonzero, un- less otherwise stated), o means any
odd number of branches, and 0 means no branch. For
exam- ple, (e, 0, 0) means an even number of odd branches,
no even branch, and an odd number of pendant branches. If
in a triple e or o appear more than once then it does not
mean that the corresponding branches are equal in number.
For example, (e, e, 0) does not mean that the number of
odd branches is

ISSN: 2456-219X
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equal to the number of even branches. The symbol
0 means that 0>3.

1st column: 0 means that Xo is attached to any one of the
mentioned combinations of branches. The notation 0(r), r =
1, 2, means that xo is attached to the combination of
branches mentioned in the col- umn heading in which r is
the superscript.

Other columns: i — j (respectively, i — j (1),
r = 1,2) means thateach x;, i <l <j, is attached to the
mentioned combination or any one of the combinations of
branches (respectively, the branches mentioned in the triple
with superscript r).

Further, when some vertex X; on the central path is
attached to two combinations (x, y, 0) and (0, 0, €) , we

mean that X; is attached to the com- bination (x, v, e) .
For example, in Table 3.1(d), xx +1 is attached to the

combinations (e, 0, 0) and (0, O, €) , which means that xi»
+1 is attached to the combination (g, 0,¢€).

Table 2.1
Lob-| (e, | (0%, | (e, (0, (o, | (e, (e, (o,
0, |0 o, 0, (o} e, 0, 0,
sters | 0) | 0) 0) 0) 0) 0) 0)1 e)
l or
(o
€,
0)?
a 0 |15 |+l t+2|— | — | '+ |
t, u| o 1—
- o, to t/\: m (2)
<m| U= if
m— m th <
1
m
b 0 (1> |+l — | — | b+ |t +]
4ot 1 -1 —
’ L t, m
= =m t< if
m— m t<
1
m
c 0 |1 |tutl b+ | Lt 1
t t — 1— | —>5,
- | b m (1)
m- | < s <
1 m
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ty, & 1—-|1—-|1-
< t, t, m,
m— th<|t <|if
1 m | m t <
m
e |0 |1—- |ttt | —|——| b+ | b+ | i+
t, 1l 1 — 1 2—- 11
< t2, m (1]
m— | th< if
1 m t <
m—
1
Table 2.2
Lobs | (0,0, | (8,0, | (0,0, (e,e | (g0, 0)1 (0,0,
ters 0) 0) 0) 0) or e)
l 0, e,0)2
a 0 St o+ | — |t + | —
tLt<1 — 1 —
th, t m (2
<m ift' <
m
b 0 S — |t +|t + |
L, t< 27, T 1 -
< m if
51 t<m
c 0 1| — | — | t+1 — a +
N
L,]t< m (1) s, s
<
m
d 0 — E— t+1 t+2 — t+1
L t< m (1),
ift <
m-1
e 0 S|t + | —1m(@ m
t,t<|1 —
m—1

Table 2.3
Lob- | (e,0, | (90,0, 0%, 0, (e,e, | (&0, ©,0,
o)) 0)Dor f))(l)or 0) 0)Mor | ¢
sters | or (0, | (0,0, (0, 0%, (0, ¢,
! e, 0)@or 0)(2) 0)(2
o)(2) (0, e,
0)(3)
a 0 | — 1 o —Jt + ]t +
t, t < 1 i?
m (2) m@ |_
m
b o | — |1 S|t +t +|—
t, t < 2"? 1 —
m@ | m if
r_n t<m
c — | 0D — — 1|1 —- |[0—>
m (1) S, S
<
m
d — 1 0(2 — | — |1 — |0—>
m (2) S, S
<
m
e — 1] 0 — |1 |t o+ | —
t,t |1 —
< m if
m t<m

Proof: For every lobster L of this theorem we first
construct the diameter four tree T (L) corresponding to L .
Let |E(T (L)) = g and deg(xo) = 2k + 1. We give the
label 0 to xo . We partition the sequence S in Construction
2.1 into two parts, i.e. we take n = 2 in Construction
2.1.

Let L be a lobster of type (a) in Table 2.1. We follow the
two steps given below.

1. We determine r; and hence A; and Az in the following
manner:

Let the number of odd branches incident on xo be 2o,

that incident on each xi, i = 1,2,...,t1,be 2+ 1,
and that incident on each x;, i = t1+ 1,...,t:, be 2I;,
where for i= 0,1,...,t, i >1.
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Let fo, 0 <fo <lp,and Bi, 1 <G <, 1 <i<ty,
be arbitrarily chosen integers. We will give a labeling to
T (L) in such a way that among the

odd branches incident on xo (respectively, x;, i =1,2,...
, t1), the centers of 28, + 1 (respectively, 25;) branches
get labels from the sequence A; and the centers of the rest of
these branches get labels from A, , whereas the the centers

of all the odd branches incidenton x;, i=t;+1, ..., t2,
et labels )
rom A; only. Therefore, A1 contains the centers
P )
of 280 +1+ 11 i1 26+ }2:t1+ 2li odd branches.
1

We choose A: in such a way that it does not con-
tain the center of any othef branch. Therefore,

R e S
i=1 I=t1+
1
2. We give labelings to the branches incident on the
center of T(L) in the following manner:

|A1|= 2r i +1= 2ﬂo+1+

(i) The centers of 2l odd branches incident on xo in L
get 2f0 labels from the beginning and the last label of A1,
and 2(lo — o) —1 labels from the be- ginning of A, .

(ii) Fori = 1,2,..., t., the centers of 2l + 1 odd
branches incident on x; in L get 2 — 1 labels from the
beginning and the last label of A® | and

2(li—Bi)+1 labels from the beginning of the sequence!

RO

2

(iii) Fori=t1+ 1,1 + 2, ..., to, the centers of 2l; odd
branches incident on xi in L get 2li — 1 labels from the
beginning and the last label of A® .

. A
(iv) Fori=ty+1,t;+2,...,t", the centers of the

even branches incident on X;
the beginning of A0,

in L get labels from

(v) For i=0,1,2,...,t", the centers of the pendant
branches incident on x; in L get labels from the end
of the sequence A(')Z, A(O)Z: A

If t* < m then we do the following additional step.
(vi) Fori=t"+1,t"+2,...,m, among the even
branches incident on x;, the centers of any odd num-

ber of branches get labels from the beginning of A®
and the centers of the rest of these branches get labels from tﬁe

end of A® ,
We notice that the labeling of the centers of the

ISSN: 2456-219X
Volume 09 Issue 1 April 2024

branches incident on the center xo of T (L) given in step 2
follows part (b) of Lemma 1.6. Therefore, by Lemma 1.6
there exists a graceful labeling of T (L) with the above
labels of the center X, and the cen- ters of the branches
incident on Xo . Finally, we ap- ply Theorem 2.2, for n =
2,0n T(L) and the path H = Xg, X1, ..., Xm , SO as to get
a graceful labeling of L (see example below). This
approach will be the same for all the remaining cases of this

theoremand = o
hence we will just indicate the modification we make

in steps 1 and 2.

Example: Figure 3 represents a lobster of type (a)

in Table 2.1. We construct the graceful diameter four

tree T(L) shown in Figure 4. Here |E(T(L))| =

g = 84 and deg(xo) = 2k +1 = 35. There-
fore, the sequence S = (84,1,83,2,...,17,67) . Here
m= 6t =1 tb =3, t* = 51l =2, I} =
1, I, = 1, Is = 1. We take Po =1, p1 = 1.
Therefore, |A1l = 2r1+1 = 9,

i.e. Ap = (84,1,83,2,82,3,81,4,81) and A, =
(5,79,6,...,17,67) . Using step 2 and subsequently the

technique of [4] we obtain a graceful labeling of T (L)
given in Figure 4. Then in Figure 5 we make x; adjacent
to Xo, give label 85 to x;, and move

all the componentsin AW, j=1,2,3,t0 x; . Next

we obtain the lobster in JFigure 6 by applying inverse
transformation to the lobster found in Figure 5, mak- ing x.
adjacent to xi, giving label 86 to x., and

moving all the components in f(l)(/-é(g), jj: 1,2,3,

to X2 . Continuing in this manner we finally get the

graceful labeling of L presented in Figure 7.

Figure 3: A lobster L of type (a) in Table 2.1.
Here m= 6, t1= 1, t, =3, and t' = 5.
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Figure 4: The tree T(L) corresponding to the lobster

L in Figure 3.
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Figure 5: The graceful lobster obtained by mak- ing x;

adjacent to xo, giving label 85 to x;, and

moving all the branches in A®, 4= 12,10 xi.
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Figure 7:The lobster L with a graceful labeling.

For all lobsters of type (x), x =b, ¢, d, e, in Ta-ble 2.1,

the proof follows if we proceed as the proof

involving the lobsters of type (a) in Table 2.1 by modifying
steps 1 and 2. For lobsters of type (b) we first define an
integer p, as p = m if either

t=m or t <m with each x;, i= t+1,...,m,

is attached to an even number of odd branches and

p=t if t <m witheach x;, i = t+1,...,m,is
attached to an even number of even branches; and this
definition of p will hold henceforth in the text. Next, we
set t, = pin step 1, repeat steps 2(i) and 2(ii), set t, = p in
step 2(iii), set t* = t, in steps 2(iv) and 2(v), and set t* =
t, and m= m+t—p,

47 in step 2(vi). For lobsters of type (c): set t, = m
in step 1, repeat steps 2(i) and 2(ii), set t; = m in

step 2(iii), set t* = t, in steps 2(iv) and 2(v), and

set t* = t;, m = s and substitute even branches with
pendant branches in step 2(vi). For lobsters of type (d) : set
t1 =ty and t, = p instep 1, re- peat step 2(i), sett; = t»
in step 2(ii), set t1 = t; and t; = p in step 2(iii), replace
step 2(iv) with “fori=t;+ 1,t1 + 2,..., to, the centers of
the even branches incident on x; in L get labels from the
end

of A(') . set t* = t; in step 2(v), and set t* =t
and = m +1 —p in step 2(vi). For lobsters of type (e):
set t, = m in step 1, repeat steps 2(i)
and 2(ii), set to = m in step 2(iii), set t* = t,+1
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Figure 6: The graceful lobster obtained by apply- ing
inverse transformation to the lobster in Figure , making Xz

adjacent to x;, giving label 86 tg) Xon
and moving all the branches in fO(A®), j = 1,2,

85 ]
to x2. 1
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in steps 2(iv) and 2(v).
For lobsters L of type (a) in Table 2.2, the proof follows if
we proceed as the proof involving the lob- sters of type (a)

in Table 2.1 by modifying steps 1 and 2 in the following
manner.

1. The terms of A; will be the labels given to the
centers of the odd branches incident on xj, i =

0,1,...,t. Therefore, |A1|= 2r1 + 1 is the number

50
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of odd branches of L.

2. (i) Fori= 0,1,2,...,t, among the odd branches
incident on x; in L, the center of one branch gets

the last label of A® and the centers of rest of these
branches get labels from the beginning of AQ where

AD = Ag.

(ii) Fori =0,1,2,...,t", the centers of the even
(respectively, pendant) branches incident on x; in L get
labels from the beginning (respectively, end)

of A(Zi) , where A(Oz) = A,.

If t* < m then we do the following additional step.
(iii) Repeat step 2(vi).

For lobsters of type (x), x =b, ..., e, in Table 2.2, the
proof follows if we proceed as the proof involving the
lobsters of type (a) in Table 2.2 by modifying steps 1 and
2. For lobsters of type (b): set t = pinsteps 1 and 2(i),
set t* =t instep 2(ii), and sett* = t and m=m+t —p
in step 2(iii). For lobsters of type (c): set t= m in steps
1 and 2(i),

set t* = t in step 2(ii), and set t* = t, m = s, and
replace even branches with pendant branches in step 2(iii).
For lobsters of type (d) : set t = m in steps 1 and 2(i), and
set t* = t+ 1 in step 2(ii). For lobsters of type (e) : repeat
steps 1 and 2(i), and set t* = m in step 2(ii).

For lobsters of type (a) (respectively, (b)) in Table 2.3, the
proof follows by proceeding as the proof in- volving the
lobsters of type (a) in Table 2.1 if we
eielace odd branches with even branches, set t; = t

t2 = m in step 1, repeat step 2(i), set t; = tin step
2(ii), set ty = t and t; = m in step 2(iii), set t* = t in
step 2(v), and set t* = t, m = s, and replace even
branches with pendant branches in
senaivi) (epsneciivehyijf we set ti = tand t = p

t1 = tin step 2(ii), set

ti = t and t; = p in step 2(iii), set t* = t in step 2(v),
andset t*=t, m= m+t—p in step 2(vi)).

For lobsters of type (c) (respectively, (d)) in Table 2.3, the
proof follows if we proceed as the proof in- volving the
lobsters of type (i) in Table 2.2 if we do the following
changes in steps 1 and 2.

1. Repeat steps 1 and 2(i) (respectively, steps 1 and
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2(i) by replacing odd branches with even branches).

2. Fori =0,1,2,...,s, among the pendant branches
incident on x in L , the centers of any odd number of
branches get labels from the beginning of

A(g, and the centers of the rest of these branches get

labels from the end of A® | where A©® = A,.
2 2

For lobsters of type (e) we replace pendant branches with
even branches and set m = p and s = m+t—p in steps 1 and
2 in the proof involving the lobsters of type (c) in Table 2.3.

2

Theorem 2.4. The lobsters in Tables 2.4, 2.5, and
2.6 below are graceful.
Description of Tables: Same as the tables in The- orem 2.3.

Lo| (e, | (o™, | (e, L or, | (e, | (e0, | (0,
bol 0| 0 | o | Gole %; e |02 |o
te| 0¥ 0%) [ 0M) | 0®) | 0) | 0) |or e)
s (0, e,
| 0)?
a|0 |1-|t+ |t +|—|— | ts + | t3 +
t, t 1 — 1—- 1 — 1-—
< t, t3 m(2)|s, s
m— | b<| ts < <
2 m—| m m
1
b|0 |1 |t1+ | —|— |2+ | + | 2+
t, t 1— 1-11 - |1~
< t, t, m if | s, s
m— | t,< t<|t < | <
1 m m m m
C|0 |1 |—|—|ta+ |2+ |t + |1+
t, t 1—-|1—-]1 - |1~
< t, |t m, if | s,
m— L<|t<|t < |s<
1 Table28 |m | m m
Lobs | (o, | (e, o, | (0,0, | (e, e | (e, O, | (0,0,
ters | o, | 0o%) 0*) | 0) 0)! or | e)
! 0™) (0, e,
0)?
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a 0 1 - |t +| — | b + |t +
t]_, t 1 — 1 - 1 -
< t, b m(2) |s s<
m—1|<m m

b 0 1 - | — |t + |t + |t +
t t< 1 -1 -1 —
m t,t |m if|s s<

<m |t <|m
m

C 0 1 - | — | — |t + |t +
t, t< 1 -1 —
m m(2) |s s<

Lobs |l (e, | (o, | (o"@DIF geSe, | (e, 0, [ (07D,

ters | o, e, |00 |0 0)! or | e)

! 0) 0) 0, e

0)?
a 0 —]1 - |t + |t +|0 —
t,Lt<|1 - |1 —|s s<
t,t |m if| m
<m |t <
m
b — 0 — |1 = |t +|0 -
t,t |1 —|s s<
<m |m if|m
t <
m
c — 0 - | — |1 -0 —
m s, s<
proof: | As in |the proof of Theorem 2.3, for every,
100SteEr L Of tn1s theoremtd, € TIrSt construct the

diameter four tree T(L) corresponding to L. Let
|[E(T(L))|= g and deg(xo) = 2k + 1. We give the label 0
to Xo . Here we partition the sequence S in

Construction 2.1 into three parts, i.e. we take n= 3 in
Construction 2.1.

Let L be a lobster of type in Table 2.4 . We follow the
steps given below:
1. We define an integer p as p = t;3 if L is of type
(@), p= t if L isof type (b), and p'= t; if L
is of type (c).

ISSN: 2456-219X
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2. We determine r; and r, and hence the sequences
Ai, i= 1, 2, 3.

(i) The integer r1 and hence the sequence A; is determined
by repeating step 1 in the proof involving the lobsters of type
(@), (b), and (d), respectively, in Table 2.1 .

(if) Let the number of pendant branches incident on each x;,
1=0,1,...,p, be 2a; + 1, and that inci- dent on each
x.,|—p+1p+2 .S, beZa.,wherea.>1 Let
, 0 <y <, be arbitrar- ily chosen integers. For i
= 0,1,...,t3, among
the pendant branches incident on x; , the centers of 2y; + 1
branches get labels from A, and the cen- ters of the rest
of these branches get labels from A;. Fori=p+1,...,s,
the centers of all the pendant branches incident on X; get

labels from As. Let
=p' pIN
2r = 2(a ry)+ o 2a We choose A
i=0" 1 i=p+1 3

in such a way that it does not contain the center of any other
branch. Therefore, |As|= 2r, and hence

|A2l= 2r; = (2k+1)—2ri+1)—2r = 2(k—r1—T).

3. We give labelings to the branches incident on the center of
T (L) in the following manner.

(i) We repeat step 2 excluding step 2(v) in the proof
involving the lobsters of type (a), (b), and (d),
respectively, in Table 2.1. Furthermore, if L is of
type (a), then we set t* = t3 in step 2 in the proof for the
lobsters of type (a) in Table 2.1.

(ii) For i = 0,1,2,...,p, the centers of 20; + 1
pendant branches incident on X; in L get 2yi+ 1
labels from the end of A® aznd 2(ci —yi) —1 labels
from the beginning and the last label of A® where
A® = A,"and A® = A;
2 3

(iii) Fori=p + 1, p + 2, the centers of 2q;
pendant branches incident on x; in L get 2ai—1

labels from the beginning and the last label of A® .

We notice that the labeling of the centers of the
branches incident on the center xo of T (L) given in step 2
follows part (b) of Lemma 1.6. Therefore, by Lemma 1.6,
there exists a graceful labeling of T (L) with the above
labels of the center Xo and the centers of the branches
incident on Xo . Finally, we apply Theorem 2.2, for n =
3, on T(L) and the path H = Xo, X1, ..., Xm , SO as to
get a graceful labeling of L .

52



-FVEEZEE

Journal Of Mechanical Engineering And Biomechanics

For lobsters L in Table 2.5, the proof follows if we proceed
as the proof involving the lobsters of type

(a) in Table 2.4 by modifying steps 1 and 2 in the following
manner.

1.(i) We determine A; by setting t = g in step 1 in the proof
involving the lobsters of type (a) in Table

2.2,where q=t; if L isoftype (a), q= p if L

isof type (b), and q' = t if L is of type (c).

(if) We determine Az and hence A, by setting t; = q in
step 1(ii), where "= t if L isof type (a)and q = t if
L is of type (b) or (c).

2.(i) Set t =g in step 2(i) in the proof involving the lobsters
of type (a) in Table 2.2.

(ii) For i 0,1,...,q , the centers of the even
branches incident on xi in L get labels from the
beginning of A® , where A©® = A, .

2 2

(iii) Define an integer g, where q” , if L is of
type ga) or, (c) and g"= m+t-p, if L is of type (b%

Set t*=q and m= q" in step 2(|||) in the proof for t
lobsters of type (a) in Table 2.2.
(iv) Set ts = q" in steps 2(ii) and 2(iii).
For lobsters L of type (x), x = a, b, and c in Table
2.6, the proof follows if we proceed as the proof involving
the lobsters of type (a) in Table 2.4 by modifying steps 1
and 2 in the following manner.

1. We determine A; by repeating step 1 in the proof

involving the lobsters of types (b), (c¢) and

(d) , respectively, in Table 2.3. We take the terms of Az as

the labels given to the centers of the pendant branches

incident on the vertices x;, i = 0,1,.

i.e. |As| is the number of pendant branches inci- dent on

the2$entral path of L . Therefore, |A2l = 2(k —r1 —|A3|)
2

2.(i) Repeat step 2 in the proof involving the lobsters of (b),

(c), and (d), respectively, in Table 2.3.

(i) For i 0,1,2,...,s, among the pendant
branches incident on X; in L, the center of one
branch gets the last label of A® gnd the centers of the

rest of these branches get labels from the be-
ginning of A®  where A© = A;.

2
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fore, we get some more graceful lobsters by attaching a
caterpillar to the vertex xm or by attaching a suit- able
caterpillar (any number of pendant branches or an odd (or
even) branch or the combination of both) to the vertex Xm-1

in any of the lobsters discussed
in Theorems 2.3 and 2.4.
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