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Abstract 

We observe that a lobster with diameter at least 

five has a unique path H = x0x1 . . . xm with the 
property that besides the adjacencies in H both x0 and 
xm are adjacent to the centers of at least one K1,s, 
where s > 0, and each xi, 1 ≤ i ≤ 

m − 1, is at most adjacent to the centers of some 
K1,s, where s ≥ 0. This unique path H is called the 
central path of the lobster. We call K1,s an 
even branch if s is nonzero even, an odd branch if s is 

odd, and a pendant branch if s = 0. In this paper we 

give graceful labelings to some new classes of lobsters 
with diameter at least five, in which the degree of each 
vertex xi, 0 ≤ i ≤ m−1, on the central path is even and 

the degree of 

the vertex xm may be odd or even. The lobsters appear 

in [5] also possess this property. However, in the lobsters 

of [5], at most the vertex x0 is attached to a combination 

of all three types of branches, whereas in this paper, we 

give graceful labelings to the lobsters in which not only 

the vertex x0 but also some (or all) xi, 1 ≤ i ≤ m, 
may exhibit this property. 

Keywords: graceful labeling, lobster, odd and even 

branches, inverse transformation, component moving 

transformation 
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1 Introduction 

Definition 1.1. A graceful labeling of a tree 

T with q edges is a bijection f  : V (T ) → 

{0, 1, 2, . . . , q} such  that  {|f (u) − f (v)| : 
{u, v} is an edge of T } = {1, 2, . . . , q}. A tree which 
has a graceful labeling is called a grace- 

ful tree. 

Definition 1.2. A lobster is a tree having a path 

from which every vertex has distance at most two. It 

is easy to check that a lobster L of diameter at 

least five has a unique path H =  x0, x1, . . . , xm 

such that besides the ad- 

jacencies in H, each xi, 1 ≤ i ≤ m − 1, is 
at most adjacent to the centers of some stars K1,s, s ≥ 
0, whereas the vertices x0 and xm are adjacent to the 
center of at least one star K1,s with s ≥ 1. This path H 
is called the central path of the lobster L. Throughout 
the paper we use H to denote the central path of a 
lobster with diameter at least five. For xi ∈ V (H), if 
xi 

is adjacent to the center of K1,s, s ≥ 0, then we 

call K1,s an even branch if s is nonzero even, an 

odd branch if s is odd, and a pendant branch if s = 
0. Furthermore, whenever we say xi, for some 0 ≤ i ≤ 
m, is attached to an even number of branches we mean 
a “non zero” even number of branches unless otherwise 
stated. 
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In 1979, Bermond [1] conjectured that all lobsters are 

graceful. This conjecture is a special case of the famous and 

unsolved “the graceful tree conjecture” of Ringel and 

Kotzig (1964) [8], which states that all trees are graceful. 

Bermond’s conjecture is also open and very few classes of 

lobsters are known to be graceful. Ng [7], Wang et al. 

[9], Chen et al. [2], Morgan [6] (see [3]), and Mishra and 

Panigrahi 

[5] have given graceful labeling to some classes of lobsters.  

With the lobsters in [9], the lobsters in 

[5] and those appear in this paper share a common feature that 
the degree of each xi, 0 ≤ i ≤ m − 1 , is even. However, in the 
lobsters of this paper and those appear in [5], the degree of 
xm may be odd or even 
and the branches incident on each xi, 0 ≤ i ≤ m , need not 
be of the same type. The branches incident 

on x0 may be of same type, or any two types, or all 

three types. In the lobsters of [5], the branches incident on 

xi, 1 ≤ i ≤ m , may be of the same type (odd or even), or 

any two types in which each type is odd in number, whereas 

in the lobsters of this paper, the branches incident on xi, 1 ≤ i 

≤ m , may be of the same type (odd or even), any two 

types, or all three types. In gross the lobsters to which we 

give graceful labelings in this paper have one of the following 

features. 

(I) For some t1, 1 ≤ t1 ≤ m , each xi, 0 ≤ i ≤ t1 , is 
attached to a combination of odd and pendant branches. 
If t1 < m then we have either (1) or 

(2) . 

(1) For some t2, t1 + 1 ≤ t2 ≤ m , each xi, t1 + 1 ≤ i ≤ t2 , is 
attached to a combination of all three types of branches. 
If t2 < m then we have either 

(a) or (b) . 

(a) For some t3, t2 + 1 ≤ t3 ≤ m , each xi, t2 + 1 ≤ i ≤ t3 , 

is attached to a combination of two types of branches 

and each of the rest of the xi s (if any) is attached to 

the odd (or even) branches. 

(b) Each xi, t2 + 1 ≤ i ≤ m , is attached to odd (or even) 
branches. 

(2) For some t2, t1 + 1 ≤ t2 ≤ m , each xi, t1 + 1 ≤ i ≤ t2 , is 

attached to a combination of two types of branches. If 

t2 < m then for some t3, t2+1 ≤ t3 ≤ m , each xi, t2 + 

1 ≤ i ≤ t3 , is attached to a combination of two types of 

branches and each of the rest of the xi s (if any) is 

attached 

to odd (or even) branches. 

(II) x0 is attached to a combination of all three types of 

branches (respectively, odd and even branches or even 

and pendant branches) and sat- isfy the condition (1) 

(respectively, (2)) in (I) by setting t1 = 0 . 

In this paper, as in [5], for a given lobster L we first 

form a diameter four tree T (L) by identifying all the 

vertices on the central path of L and give a graceful 

labeling to T (L) by using the technique of [4]. Let A be 

the set of all the branches incident on the center of T (L) . 

In [5], the authors applied com- ponent moving 

transformation on A to get a grace- ful labeling of L , 

whereas here we partition A in an appropriate manner 

before applying component moving transformation on it. 

In order to prove the results of this paper we need some 

definitions, terminologies and existing results which are 

described in this section. 

Lemma 1.3. [9], [4] If f is a graceful labeling of a tree T 
with n edges then the inverse transformation of f , defined 
as fn(v) = n−f (v) , for all v ∈ V (T ) , is also a graceful 
labeling of T . 

 
Definition 1.4. For an edge e = {u, v} of a tree T , 
we define u(T ) as that connected component of T − e 
which contains the vertex u . Here we say u(T ) is a 
component incident on the vertex v . If a and b are 
vertices of a tree T , u(T ) is a com- ponent incident on a , 
and b /∈ u(T ) , then deleting 

the edge {a, u} from T and making b and u adja- 

cent is called the component moving transformation. 

Here we say the component u(T ) has been moved from a 

to b . Throughout the paper we write “the component u ” 

instead of writing “the component u(T ) ”; whenever, we 

wish to refer to u as a vertex, we write “the vertex u ”. By 

the label of the com- ponent “ u(T ) ” we mean the label of 

the vertex u . Moreover, we shall not distinguish between a 

vertex and its label. 

 

Lemma 1.5. [4] Let f be a graceful labeling of a tree T ; 
let a and b be two vertices of T ; and let u(T ) and v(T ) 
be two components incident on a , where b /∈ u(T ) ∪ v(T ) . 

Then the following hold: 
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(i) if f (u) + f (v) = f (a) + f (b) then the tree T ∗ 
obtained from T by moving the components u(T ) and v(T 
) from a to b is also graceful. 

(ii) if 2f (u) = f (a) + f (b) then the tree T ∗∗ ob- tained 
from T by moving the component u(T ) from a to b is also 
graceful. 

 

Lemma 1.6. [4] Let T be a diameter four tree with q 

edges. If a0 is the center vertex and the degree of a0 is 2k 

+ 1 then there exists a graceful labeling f of T such that 

(a) f (a0) = 0 and the labelings of the neighbours of a0 
are 1, 2, . . . , k, q, q − 1, . . . , q − k. 

(b) if n1, n2 , and n3 are the number of odd, even, and 
pendant branches incident on a0 , then from the sequence S 
= (q, 1, q−1, 2, q−2, 3, . . . , q−k+1, k, q− k) of vertex labels, 
n1 terms from the beginning are the labels of the centers 
of the odd branches, the 

2 Results 

 

Construction 2.1. Let T be a graceful tree with q 

edges. Let a0 be a non pendant vertex of T with degree 2k 

+ 1 such that there exists a graceful label- ing f of T in 

which a0 gets the label 0 and the labels of the neighbours 

of a0 are 1, 2, . . . , k, q, q − 1, q − 2, . . . , q − k (see Figure 

1). Consider the se- 
quence S = (q, 1, q − 1, 2, . . . , k, q − k) of vertices adjacent 
to a0 (recall that we do not distinguish 

between a vertex and its label). For any integer n, n ≥ 2 
, if possible, we partition this sequence into n parts A1, A2, . 
. . , An (see Figure 1), where A1 = (q, 1, q − 1, 2, . . . , r1, 
q − r1) and Aj = (rj−1 + 
1, q − rj−1 − 1, rj−1 + 2, q − rj−1 − 2, . . . , rj, q − rj), 2 ≤ j ≤ 
n and 0 < r1 < r2 < . . . < rn = k. 

A 

next n2 terms are the labels of the centers of the 

even branches, and the rest n3 terms are the labels of the 

centers of the pendant branches. 

(c) for any i = 1, 2, 3 , the ni labels of S which are the 

labels of the centers of the same type of branches may be 

assigned in any order. However, different arrangements of 

branches of the same type may give different graceful 

labelings of the same diameter four tree without disturbing 

(a) and (b). 

 

Remark 1.7. In the graceful labeling f of the di- ameter 

four tree T in Lemma 1.6, the labelings of the pendant 

vertices adjacent to the centers of the odd and even 

branches can be given by using the technique of [4]. 

 

Lemma  1.8. [5] Let  S  =   (t1, t2, . . . , t2p)  be a 

finite sequence of natural numbers in which the sums of 

consecutive terms are alternately l + 

1 and l , beginning (and ending) with the sum l + 1 . 
Then the sums of consecutive terms in the sequence S1 
= (φl+1(t2k+2), φl+1(t2k+3), . . . , φl+1(t2p−2k1 −1)) , where 

φn(x) = n − x , 0 ≤ k, k1 ≤ 

p − 2 , and 0 ≤ k + k1 ≤ p − 2 , are alternately l + 2 

and l + 1 , beginning (and ending) with l + 2 . 
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Figure 1: The tree T with vertex a0 and its neighbours. 

The circles around the neighbouring ver- tices of a0 represent 

the respective components in- cident on them. 

We construct a tree T1 (see Figure 2) from T by 



                                                                                                  
 
 
         ISSN: 2456-219X 
Journal Of Mechanical Engineering And Biomechanics                               Volume 09 Issue 1 April 2024   

44  

i 

i 

identifying the vertex y0 of a path H' = y0, y1, . . . , 
ym , with a0 and distributing the com- ponents 
(incident on the vertex a0 ) in Aj, j = 1, 2, . . . , n , 
to yi, i = 1, 2, . . . , sj , where 0 ≤ sj ≤ m , in the 

following manner. 

(1) For 0 ≤ i ≤ s2 we keep 2l(2) components of 

A2 at yi , where l(2) > 0 . In particular, we retain 
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q+1 

j 

q+1 j 

q+1 j 

2pi + 1, 0 ≤ pi, 2pi + 1 < l(2) , components whose la- bels 

appear consecutively from the beginning of A(i) , 

and 2l(2) − 2pi − 1 components whose labels appear consecutively from the 

end of A(i) , where A(0) = A2 2 2 

and for 1 ≤ i ≤ s2, A
(i) is obtained from A(i−1) by 

deleting the component which are kept at yi−1 . 

(2) The components of Aj, 1 ≤ j ≤ n, j /= 2 , are 
distributed to the vertices y1, y2 .................... , ysj , in the 

following way: 

(i) At y0 we retain 2l(1) + 1, l(1) ≥ 0 (respec- 
0 0 

tively, 2l(j), l(j) ≥ 1, 3 ≤ j ≤ n ), components of A1 
0 0 

(respectively, Aj ). Among these components 2l(1) 

(respectively, 2l(j) − 1 ) components get labels con- 

secutively from the beginning of A1 (respectively, Aj ) and 

the remaining component gets the last label of A1 
(respectively, Aj ). If sj > 0 then we delete these terms 
from Aj which are kept at y0 and name 

the remaining sequence as A(1) . 

(ii) For 1 ≤ j ≤ n, j /= 2 if sj > 0 , we move 

 

 

Figure 2: The tree T1 obtained from T . Here we take 

s1 = s2 = . . . = sn = m . 

Proof: We identify the vertices a0 ∈ V (T ) and y0 ∈ V 
(H') and give the label q + 1 to y1 . Clearly the subtree 
T ∪ {y0, y1} admits a graceful labeling f (1) , where f 
(1)(x) =  f (x) if x ∈ V (T ) , and 

2l
(j)

, 
l
(j) 

≥ 1 , components from A to y , where f (1)(y1) = q + 1 . Since A(1), j = 1, 2, . . . , n , 

i i j i j 

1 ≤ i ≤ sj . In particular, we move 2l(j) − 1 com- ponents 
whose labels appear consecutively from the 

beginning of A(i) and one component whose label 

is the last term of A(i) , where, for i > 1 , A(i) is 

can be partitioned into pairs of labels whose sum is q + 1 

(consecutive terms), by Lemma 1.5(i) the tree T (1) 

obtained by moving the components in A(1), 1 ≤ j ≤ n 

(for which sj ≥ 1 ), to y1 ad- mits the same graceful labeling  (1) 

j 
obtained from A(i−1) 

j 
by deleting the components  (1) 

f 
(1) 

.  By Lemma 

j 1.3, fq+1 is a graceful labeling of T and the label 

which are moved to yi−1 . 
For 

 

 (j) 
of y1 in f (1) (T (1)) is 0 . Next we give the label 

j = 1, 2, . . . , n , the numbers li , i = 0, 

1, 2, . . . , sj ,  are chosen in such a way that 
q + 2 to y2 . Obviously f (2) is a graceful labeling of T 

(1) ∪ {y , y } , where f (2)(x) = f (1) (x) if x ∈ 
Σsj l(j) = r − r , where r = 0 . 2 

1 2 
q+1 

i=0 

i 

j j−1 0 V (T (1)) , and f (2)(y2) = q + 2 . We observe that the 

sums of consecutive terms in A(1), j = 1, 2, . . . , n , 

In the following theorem, for a graceful tree R 

with n edges and a graceful labeling g  we use 
the notation “ g(R) ” to denote the tree R with 

are alternately q + 1 and q , beginning and ending with the 

sum q + 1 ; so by Lemma 1.8 the sums of 

consecutive terms in f (1) (A(2)) , are alternately q+2 
q+1 j 

the graceful labeling g . Also, for any sequence F = 
(a1, a2, . . . , ar) , gn(F ) is the sequence (n − a1, n − a2, . . 
. , n − ar) . 

 

Theorem 2.2. The tree T1 in Construction 2.1 is graceful. 

and q +1 , beginning and ending with the sum q +2 . 

Therefore, f (1) (A(2)) can be partitioned into pairs of 

labels whose sum is q + 2 . By Lemma 1.5(i), the tree T (2) 

obtained by moving the components in f (1) (A(2)), 1 ≤ j ≤ n 

, to y2 , is graceful. 

Let s٨ =  max{s1, s2, . . . sn} . On repeating the 
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ss 

above procedure for s٨ times we get the graceful tree equal to the number of even branches. The symbol (ss) ∗ 
T with vertex set V (T ) ∪ {y1, . . . , yss } in which o means that o ≥ 3 . 

the vertex yss gets the label q + s٨ . If s٨ = m , then 

we stop otherwise, we proceed as follows. 

We apply inverse transformation to the graceful tree T 

(s
s) so that the vertex y gets the label 0 . Then we make 

the vertex yss+1 adjacent to yss and give the label 

q+s٨+1 to yss+1 . If s٨+1 = m then we stop otherwise, 

we repeat this procedure until the vertex ym gets a label. The 
graceful tree that is obtained on the vertex set V (T ) ∪ V (H 
') is easily seen to be the tree T1 . 2 

Given a lobster L of the type to which we give a graceful 

labeling in this paper, we construct a di- ameter four tree, 

say T (L) , from L by successively identifying the vertices 

xi, i = 1, 2, . . . , m , with x0 . The vertex x0 is the center 

of T (L) and its degree is odd, say 2k + 1 . By Lemma 

1.6, T (L) has a graceful labeling in which x0 gets the 

label 0 and the neighbours of x0 get labels in the sequence 

S of Construction 2.1. However, we note that the manner in 

which we partition the sequence S and the order in which 

the centers of the branches incident on x0 in T (L) get 

labels from the sequence S plays an im- portant role. To get 

back L and a graceful labeling of it we have to follow an 

appropriate partition and ordering, which will be clear from 

the proof of The- orem 2.3. Next we apply Theorem 2.2 to 

T (L) and to the central path H = x0, x1,  , xm , so as 

to get 

a graceful labeling of L . We get graceful labelings of 

lobsters that appear in Theorem 2.3 by taking n = 2 in 

Construction 2.1. 

Theorem 2.3. The lobsters in Tables 3.1, 3.2 and 

3.3 below are graceful. 

Descriptions of Tables: In the column headings, the triple 

(x, y, z) represents the number of odd, even, and pendant 

branches, respectively, where e means any even number of 

branches (nonzero, un- less otherwise stated), o means any 

odd number of branches, and 0 means no branch. For 

exam- ple, (e, 0, o) means an even number of odd branches, 

no even branch, and an odd number of pendant branches. If 

in a triple e or o appear more than once then it does not 

mean that the corresponding branches are equal in number. 

For example, (e, e, o) does not mean that the number of 

odd branches is 

1st column: 0 means that x0 is attached to any one of the 

mentioned combinations of branches. The notation 0(r), r = 

1, 2 , means that x0 is attached to the combination of 

branches mentioned in the col- umn heading in which r is 

the superscript. 

Other columns:  i → j  (respectively,  i → j (r), 

r = 1, 2 ) means that each xl, i ≤ l ≤ j , is attached to the 

mentioned combination or any one of the combinations of 

branches (respectively, the branches mentioned in the triple 

with superscript r ). 

Further, when some vertex xi on the central path is 

attached to two combinations (x, y, 0) and (0, 0, e) , we 

mean that xi is attached to the com- bination (x, y, e) . 
For example, in Table 3.1(d) , xt2 +1 is attached to the 

combinations (e, 0, 0) and (0, 0, e) , which means that xt2 

+1 is attached to the combination (e, 0, e) . 

Table 2.1 

 

Lob- (e, (o∗, (e, (0, (o∗, (e, (e, (0, 

 0, 0, o, o, o, e, 0, 0, 

sters o) o) o) o) 0) 0) 0)1 e) 

↓       or  

       (0,  

       e,  

       0)2  

a 0 1 → 

t1, t1 

< 

m− 

1 

t1+ 1 
→ 
t2, t2 
< m 

t2+ 1 
→ 
t٨, 
t٨ ≤ 
m 

—— —— t٨ + 
1 → 

m (2) 

if 

t٨ < 

—— 

       m  

b 0 1 → 

t1, t1 

< 

m− 

1 

t1+ 1 
→ 
t2, t2 
< m 

—— —— t2+ 
1 → 
t', 

t' ≤ 

m 

t' + 
1 → 
m 

if 

t' < 

—— 

       m  

c 0 1 → 

t1, t1 

< 

t1+ 1 
→ 
t2, 

—— —— —— t2 + 
1 → 

m (1) 

t2+ 1 
→ s, 

  m− 

1 

t2 < 

m 

    s ≤ 

m 
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Table 2.2 

 

Lobs 

ters 

↓ 

(o, o, 

o) 

(e, o, 

o) 

(0, o, 

o) 

(e, e, 

0) 

(e, 0, 0)1 

or 

(0, e, 0)2 

(0, 0, 

e) 

a 0 1 → 

t, t < 

m 

t + 

1  → 

t٨, t٨ 

≤ m 

—— t٨ + 

1 → 

m  (2) 

if t٨ < 

m 

—— 

b 0 1 → 

t, t < 

m 

—— t + 
1 → 
t', t' 

≤ 

m 

t' + 

1 → 

m if 

t' < m 

—— 

c 0 1 → 

t, t < 

m 

—— —— t+1 → 

m (1) 

t + 
1 → 
s, s 

≤ 

m 

d 0 1 → 

t, t < 

m 

—— t +1 t+2 → 

m (1), 

if t < 

m − 1 

t +1 

e 0 1 → 

t, t < 

m 

t + 

1  → 

m−1 

—— m (2) m 

Table 2.3 

 

Lob- 

 

sters 

↓ 

(e, o, 

0)(1) 

or (0, 

e, 

o)(2) 

(o, 0, 

0)(1)or 

(0, o, 

0)(2)or 

(o, e, 

0)(3) 

(o∗, o, 

0)(1)or 

(0, o∗, 

o)(2) 

(e, e, 

0) 

(e, 0, 

0)(1)or 

(0, e, 

0)(2) 

(0, 0, 

e) 

a 0 (2) —— 1 → 

t, t < 

m (2) 

—— t + 

1 → 

m (2) 

t + 
1 → 
s, s 

≤ 

m 

b 0 (1) —— 1 → 

t, t < 

m (1) 

t + 
1 → 
t', t' 

≤ 

m 

t' + 

1 → 

m if 

t' < m 

—— 

c —— 0 (1) —— —— 1 → 

m (1) 

0 → 

s, s 

≤ 

m 

d —— 0 (2) —— —— 1 → 

m (2) 

0 → 

s, s 

≤ 

m 

e —— 0 (3) —— 1 → 

t', t' 

≤ 

m 

t' + 

1 → 

m if 

t' < m 

—— 

 

 
Proof: For every lobster L of this theorem we first 
construct the diameter four tree T (L) corresponding to L . 
Let |E(T (L))| = q and deg(x0) = 2k + 1 . We give the 
label 0 to x0 . We partition the sequence S in Construction 
2.1 into two parts, i.e. we take n = 2 in Construction 
2.1. 

Let L be a lobster of type (a) in Table 2.1. We follow the 

two steps given below. 

1. We determine r1 and hence A1 and A2 in the following 

manner: 

Let the number of odd branches incident on x0 be 2l0 , 
that incident on each xi, i = 1, 2, . . . , t1 , be 2li + 1 , 
and that incident on each xi, i = t1 + 1, . . . , t2 , be 2li , 
where for i = 0, 1, . . . , t2, li ≥ 1 . 

d 0 1 → 
t1, t1 
< 

m− 
1 

—— —— t1 + 

1 → 

t2, 
t2 < 
m 

t2 + 
1 → 

t', 

t' ≤ 
m 

t' + 

1 → 
m, 
if 

t' < 
m 

—— 

e 0 1 → 
t1, t1 
< 

m− 
1 

t1 + 

1 → 

t2, 
t2 < 
m 

—— —— t2 + 
1 

t2 + 
2 → 

m (1) 
if 
t2 < 

t2 + 
1 

       m− 
1 
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i=1 

i=1 

1 

2 
j 

1 

2 

2 

2 

Let β0, 0 ≤ β0 < l0 , and βi, 1 ≤ βi ≤ li, 1 ≤ i ≤ t1 , 
be arbitrarily chosen integers. We will give a labeling to 
T (L) in such a way that among the 

odd branches incident on x0 (respectively, xi, i = 1, 2, . . . 

, t1 ), the centers of 2β0 + 1 (respectively, 2βi ) branches 

get labels from the sequence A1 and the centers of the rest of 

these branches get labels from A2 , whereas the the centers 

of all the odd branches incident on xi, i = t1 +1, . . . , t2 , 

get labels 
from A1 only. Therefore, A1 contains the centers 

branches incident on the center x0 of T (L) given in step 2 

follows part (b) of Lemma 1.6. Therefore, by Lemma 1.6 

there exists a graceful labeling of T (L) with the above 

labels of the center x0 and the cen- ters of the branches 

incident on x0 . Finally, we ap- ply Theorem 2.2, for n = 

2 , on T (L) and the path H = x0, x1, . . . , xm , so as to get 

a graceful labeling of L (see example below). This 

approach will be the same for all the remaining cases of this 

theorem and 
hence we will just indicate the modification we make 

of 2β0 + 1 + 
Σt1 t2 

i=t1+
1 

2li odd branches. in steps 1 and 2. 

We choose A1 in such a way that it does not con- 
tain the center of any other branch. Therefore, 

 
Example: Figure 3 represents a lobster of type (a) 

|A1| = 2r1 + 1 = 2β0 + 1 + 
Σt1 t2 

i=t1+
1 

2li . in Table 2.1. We construct the graceful diameter four 

2. We give labelings to the branches incident on the 

center of T (L) in the following manner: 

(i) The centers of 2l0 odd branches incident on x0 in L 
get 2β0 labels from the beginning and the last label of A1 , 
and 2(l0 − β0) − 1 labels from the be- ginning of A2 . 

(ii) For i = 1, 2, . . . , t1 , the centers of 2li + 1 odd 
branches incident on xi in L get 2βi − 1 labels from the 

beginning and the last label of A(i) , and 

2(li−βi)+1 labels from the beginning of the sequence 

tree T (L) shown in Figure 4.  Here |E(T (L))| = 

q =  84 and deg(x0) =  2k + 1 =  35 .  There- 

fore, the sequence S = (84, 1, 83, 2, . . . , 17, 67) . Here 
m =  6, t1 = 1, t2 = 3, t٨ =  5, l0 = 2, l1 =  
1, l2 =  1, l3 =  1 .  We take β0 = 1, β1 =  1 .  
Therefore,  |A1| =  2r1 + 1 =  9 , 

i.e.  A1 =  (84, 1, 83, 2, 82, 3, 81, 4, 81) and A2 = 

(5, 79, 6, . . . , 17, 67) . Using step 2 and subsequently the 

technique of [4] we obtain a graceful labeling of T (L) 

given in Figure 4. Then in Figure 5 we make x1 adjacent 

to x0 , give label 85 to x1 , and move 

A
(i) 

. 
all the components in A(1), j = 1, 2, 3 , to x1 . Next 

(iii) For i = t1 + 1, t1 + 2, . . . , t2 , the centers of 2li odd 

branches incident on xi in L get 2li − 1 labels from the 

beginning and the last label of A(i) . 

we obtain the lobster in Figure 6 by applying inverse 

transformation to the lobster found in Figure 5, mak- ing x2 

adjacent to x1 , giving label 86 to x2 , and 

moving all the components in f (1)(A(2)), j = 1, 2, 3 , 

(iv) For i = t1 + 1, t1 + 2, . . . , t٨ , the centers of the 
to 

85 j 

even branches incident on xi 

the beginning of A(i) . 

in L get labels from 
x2 . Continuing in this manner we finally get the 

graceful labeling of L presented in Figure 7. 

(v) For i = 0, 1, 2, . . . , t٨ , the centers of the pendant 

branches incident on xi in L get labels from the end 

of the sequence A(i) , A(0) = A2 . 
2 2 

If t٨ < m then we do the following additional step. 

(vi) For i = t٨ + 1, t٨ + 2, . . . , m , among the even 

branches incident on xi , the centers of any odd num- 

ber of branches get labels from the beginning of A(i) 

and the centers of the rest of these branches get labels from the 

end of A(i) . 

We notice that the labeling of the centers of the 

 

 

Figure 3: A lobster L of type (a) in Table 2.1. 

Here m = 6, t1 = 1, t2 = 3 , and t٨ = 5 . 

       

2βi + 
Σ 

2βi + 
Σ 
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Figure 7:The lobster L with a graceful labeling. 

 

For all lobsters of type (x), x = b, c, d, e , in Ta- ble 2.1, 

the proof follows if we proceed as the proof 

Figure 4: The tree T (L) corresponding to the lobster 

L in Figure 3. 

2658 27 57 29 

involving the lobsters of type (a) in Table 2.1 by modifying 

steps 1 and 2. For lobsters of type (b) we first define an 

integer p , as p =  m if either 
59 5542 25 

60 31 
61
 4
3 41 

t' = m or t' < m with each xi, i = t' + 1, . . . , m , 

23 
65 62 

19 22 

66 63 
21 

18 84 
64 

1 

56 5 

80 67 
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x 0 
0
 8
5 

79 6 53 
78 40 

7 44 
77 32 

x 8 45 
76
 3
9 
9
 5
2 

33 
46 
38 

10 51 
34 74 

is attached to an even number of odd branches and 
p = t' if t' < m with each xi, i = t' + 1, . . . , m , is 
attached to an even number of even branches; and this 
definition of p will hold henceforth in the text. Next, we 
set t2 = p in step 1, repeat steps 2(i) and 2(ii), set t2 = p in 
step 2(iii), set t٨ = t2 in steps 2(iv) and 2(v), and set t٨ = 
t2 and m = m + t' − p , 

16 
69 

15 7014 

 

11 
71 13 7212 73 

47 in step 2(vi). For lobsters of type (c) : set t2 = m 
50 in step 1, repeat steps 2(i) and 2(ii), set t2 = m in 

36 
49  48 step 2(iii), set t٨ = t2 in steps 2(iv) and 2(v), and 

Figure 5: The graceful lobster obtained by mak- ing x1 

adjacent to x0 , giving label 85 to x1 , and 

moving all the branches in A(1), j = 1, 2 , to x1 . 

set t٨ = t2, m = s and substitute even branches with 

pendant branches in step 2(vi). For lobsters of type (d) : set 

t1 = t2 and t2 = p in step 1, re- peat step 2(i), set t1 = t2 

in step 2(ii), set t1 = t2 and t2 = p in step 2(iii), replace 

step 2(iv) with “for i = t1 + 1, t1 + 2, . . . , t2 , the centers of 

the even branches incident on xi in L get labels from the 

end 

of A(i) ”, set t٨ = t1 in step 2(v), and set t٨ =  t2 
and m = m + t' − p in step 2(vi). For lobsters of type (e) : 
set t2 =  m in step 1, repeat steps 2(i) 

and 2(ii), set t2 = m in step 2(iii), set t٨ = t2 + 1 
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Figure 6: The graceful lobster obtained by apply- ing 

inverse transformation to the lobster in Figure , making x2 

adjacent to x1 , giving label 86 to x2 , 
and moving all the branches in f (1)(A(2)), j = 1, 2 , 

in steps 2(iv) and 2(v). 

For lobsters L of type (a) in Table 2.2, the proof follows if 

we proceed as the proof involving the lob- sters of type (a) 

in Table 2.1 by modifying steps 1 and 2 in the following 

manner. 

1. The terms of A1 will be the labels given to the 

centers of the odd branches incident on xi, i = 

to x2 . 
85 j 0, 1, . . . , t . Therefore, |A1| = 2r1 + 1 is the number 
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1 

1 

of odd branches of L . 

2. (i) For i = 0, 1, 2, . . . , t , among the odd branches 

incident on xi in L , the center of one branch gets 

the last label of A(i) and the centers of rest of these 

2(i) by replacing odd branches with even branches). 

2. For i = 0, 1, 2, . . . , s , among the pendant branches 

incident on xi in L , the centers of any odd number of 

branches get labels from the beginning of 

A(i) , and the centers of the rest of these branches get 

branches get labels from the beginning of A(i) , where 2 
labels from the end of A(i) , where A(0) = A2 . 

A
(0) 

= A1 . 
2 2 

1 

(ii) For i = 0, 1, 2, . . . , t٨ , the centers of the even 

(respectively, pendant) branches incident on xi in L get 

labels from the beginning (respectively, end) 

of A(i) , where A(0) = A2 . 

For lobsters of type (e) we replace pendant branches with 
even branches and set m = p and s = m+t'−p in steps 1 and 
2 in the proof involving the lobsters of type (c) in Table 2.3.
 2 

2 2 Theorem 2.4. The lobsters in Tables 2.4, 2.5, and 
If t٨ < m then we do the following additional step. 

(iii) Repeat step 2(vi). 

For lobsters of type (x), x = b, . . . , e , in Table 2.2, the 
proof follows if we proceed as the proof involving the 
lobsters of type (a) in Table 2.2 by modifying steps 1 and 
2. For lobsters of type (b) : set t = p in steps 1 and 2(i), 
set t٨ = t in step 2(ii), and set t٨ = t and m = m + t' − p 
in step 2(iii). For lobsters of type (c) : set t = m in steps 
1 and 2(i), 

set t٨ = t in step 2(ii), and set t٨ = t , m = s , and 

replace even branches with pendant branches in step 2(iii). 

For lobsters of type (d) : set t = m in steps 1 and 2(i), and 

set t٨ = t + 1 in step 2(ii). For lobsters of type (e) : repeat 

steps 1 and 2(i), and set t٨ = m in step 2(ii). 

For lobsters of type (a) (respectively, (b) ) in Table 2.3, the 

proof follows by proceeding as the proof in- volving the 

lobsters of type (a) in Table 2.1 if we 

2.6 below are graceful. 

Description of Tables: Same as the tables in The- orem 2.3. 

Table 2.4 

replace odd branches with even branches, set t1 = t and 
t2 = m in step 1, repeat step 2(i), set t1 = t in step 

2(ii), set t1 = t and t2 = m in step 2(iii), set t٨ = t in 

step 2(v), and set t٨ = t , m = s , and replace even 

branches with pendant branches in 

step 2(vi) (respectively, if we set t1 = t and t2 = p in step 1, repeat step 2(i), set 
t1 = t in step 2(ii), set 

t1 = t and t2 = p in step 2(iii), set t٨ = t in step 2(v), 
and set t٨ = t , m = m + t' − p in step 2(vi)). 

For lobsters of type (c) (respectively, (d) ) in Table 2.3, the 

proof follows if we proceed as the proof in- volving the 

lobsters of type (i) in Table 2.2 if we do the following 

changes in steps 1 and 2. 

1. Repeat steps 1 and 2(i) (respectively, steps 1 and 

 

 

Table 2.5 

Lo 

bs 
te 
rs 

↓ 

(e, 
0, 

o∗) 

(o∗, 
0, 

o∗) 

(e, 
o, 

o∗) 

(0, 
o, 

o∗) 

(o∗, 
o, 
0) 

(e, 
e, 
0) 

(e, 0, 
0)1 

or 
(0, e, 
0)2 

(0, 
0, 
e) 

a 0 1 → 
t1, t1 
< 

m− 
2 

t1+ 

1 → 

t2, 
t2 < 

m− 

1 

t2 + 
1 → 
t3 
t3 < 
m 

—— —— t3 + 

1 → 
m (2) 

t3 + 
1 → 
s, s 

≤ 
m 

b 0 1 → 
t1, t1 
< 

m− 
1 

t1+ 

1 → 

t2, 
t2 < 
m 

—— —— t2 + 
1 → 

t', 

t' ≤ 
m 

t' + 

1 → 
m  if 

t' < 
m 

t2 + 
1 → 

s, s 

≤ 
m 

c 0 1 → 
t1, t1 
< 

m− 
1 

—— —— t1 + 

1 → 

t2, 
t2 < 
m 

t2 + 
1 → 

t', 

t' ≤ 
m 

t' + 

1 → 
m, if 

t' < 
m 

t1 + 
1 → 

s, 

s ≤ 
m 

 Lobs 
ters 

↓ 

(o, 
o, 

o∗) 

(e, o, 

o∗) 

(0, o, 

o∗) 
(e, e, 
0) 

(e,  0, 
0)1 or 
(0,  e, 
0)2 

(0, 0, 
e) 
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2 

3 

3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 2.6 

2. We determine r1 and r2 and hence the sequences 

Ai, i = 1, 2, 3 . 

(i) The integer r1 and hence the sequence A1 is determined 

by repeating step 1 in the proof involving the lobsters of type 

(a) , (b) , and (d) , respectively, in Table 2.1 . 

(ii) Let the number of pendant branches incident on each xi, 
i = 0, 1, . . . , p' , be 2αi + 1 , and that inci- dent on each 
xi, i = p' + 1, p' + 2, . . . , s , be 2αi , where αi ≥ 1 . Let 
γi, 0 ≤ γi < li , be arbitrar- ily chosen integers. For i 
= 0, 1, . . . , t3 , among 
the pendant branches incident on xi , the centers of 2γi + 1 
branches get labels from A2 and the cen- ters of the rest 
of these branches get labels from A3 . For i = p' + 1, . . . , s , 
the centers of all the pendant branches incident on xi get 
labels from A3 . Let 

2r = 
Σp'  

2(α − γ ) + 
Σs 

2α . We choose A 
i=0 i i i=p'+1 i 3 

in such a way that it does not contain the center of any other 
branch. Therefore, |A3| = 2r , and hence 

|A2| = 2r2 = (2k+1)−(2r1 +1)−2r = 2(k−r1 −r) . 

3. We give labelings to the branches incident on the center of 

T (L) in the following manner. 

(i) We repeat step 2 excluding step 2(v) in the proof 

involving the lobsters of type (a) , (b) , and (d) , 

respectively, in Table 2.1 . Furthermore, if L is of 

type (a) , then we set t٨ = t3 in step 2 in the proof for the 

lobsters of type (a) in Table 2.1 . 

(ii) For i = 0, 1, 2, . . . , p' , the centers of 2αi + 1 
pendant branches incident on xi in L get 2γi + 1 

labels from the end of A(i) and 2(αi − γi) − 1 labels 

from the beginning and the last label of A(i) , where 
A(0) = A2 and A(0) = A3 . 

proof:  As in the proof of Theorem 2.3, for every 2 3 

lobster L of this theorem, we first construct the 

diameter four tree T (L) corresponding to L . Let 
|E(T (L))| = q and deg(x0) = 2k + 1 . We give the label 0 
to x0 . Here we partition the sequence S in 

Construction 2.1 into three parts, i.e. we take n = 3 in 

Construction 2.1. 

Let L be a lobster of type in Table 2.4 . We follow the 

steps given below: 

1. We define an integer p' as p' = t3 if L is of type 

(a) , p' = t2 if L is of type (b) , and p' = t1 if L 

is of type (c) . 

(iii) For i = p' + 1, p' + 2, . . . , s , the centers of 2αi 
pendant branches incident on xi in L get 2αi − 1 

labels from the beginning and the last label of A(i) . 

We notice that the labeling of the centers of the 

branches incident on the center x0 of T (L) given in step 2 

follows part (b) of Lemma 1.6. Therefore, by Lemma 1.6, 

there exists a graceful labeling of T (L) with the above 

labels of the center x0 and the centers of the branches 

incident on x0 . Finally, we apply Theorem 2.2, for n = 

3 , on T (L) and the path H = x0, x1, . . . , xm , so as to 

get a graceful labeling of L . 

a 0 1 → 
t1, t1 
< 

m − 1 

t1 + 

1  → 
t2, t2 
< m 

—— t2 + 

1 → 
m (2) 

t2 + 
1 → 

s, s ≤ 
m 

b 0 1 → 
t, t < 
m 

—— t + 

1  → 

t', t' 

≤ m 

t' + 

1 → 
m if 

t' < 
m 

t + 
1 → 

s, s ≤ 
m 

c 0 1 → 
t, t < 
m 

—— —— t + 

1 → 
m (2) 

t + 
1 → 

s, s ≤ 
m 

 
Lobs 
ters 

↓ 

(e, 
o, 
0) 

(o, 
e, 
0) 

(o ∗, 
o, 0) 

(e, e, 
0) 

(e,  0, 
0)1 or 
(0,  e, 
0)2 

(0, 0, 
e) 

a 0 ——– 1  → 
t, t < 
m 

t + 

1  → 
t', t' 

≤ m 

t' + 

1 → 
m if 

t' < 
m 

0 → 

s, s ≤ 
m 

b ——– 0 ——– 1  → 
t', t' 

≤ m 

t' + 

1 → 
m if 

t' < 
m 

0 → 

s, s ≤ 
m 

c ——– 0 ——– ——– 1 → 
m 

0 → 

s, s ≤ 
m 
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For lobsters L in Table 2.5 , the proof follows if we proceed 

as the proof involving the lobsters of type 

(a) in Table 2.4 by modifying steps 1 and 2 in the following 

manner. 

1.(i) We determine A1 by setting t = q' in step 1 in the proof 
involving the lobsters of type (a) in Table 

2.2 , where q' = t1 if L is of type (a) , q' = p if L 

is of type (b) , and q' = t if L is of type (c) . 

(ii) We determine A3 and hence A2 by setting t3 = q'' in 
step 1(ii), where q'' = t2 if L is of type (a) and q'' = t if 
L is of type (b) or (c) . 

2.(i) Set t = q' in step 2(i) in the proof involving the lobsters 
of type (a) in Table 2.2 . 

(ii) For i = 0, 1, . . . , q'' , the centers of the even 
branches incident on xi in L get labels from the 

beginning of A(i) , where A(0) = A2 . 

fore, we get some more graceful lobsters by attaching a 

caterpillar to the vertex xm or by attaching a suit- able 

caterpillar (any number of pendant branches or an odd (or 

even) branch or the combination of both) to the vertex xm−1 

in any of the lobsters discussed 
in Theorems 2.3 and 2.4. 
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